Convergence of the compressible magnetohydrodynamic equations to incompressible magnetohydrodynamic equations  by Li, Yeping
J. Differential Equations 252 (2012) 2725–2738Contents lists available at SciVerse ScienceDirect
Journal of Differential Equations
www.elsevier.com/locate/jde
Convergence of the compressible magnetohydrodynamic
equations to incompressible magnetohydrodynamic
equations
Yeping Li
Department of Mathematics, Shanghai Normal University, Shanghai 200234, PR China
a r t i c l e i n f o a b s t r a c t
Article history:
Received 13 July 2011
Available online 14 October 2011
MSC:
76W05
35B40
Keywords:
Compressible MHD equations
Ideal incompressible MHD equations
Convergence-stability principle
Hs-solution
Energy-type error estimates
In this paper, we study the incompressible limit of the three-
dimensional compressible magnetohydrodynamic equations, which
models the dynamics of compressible quasi-neutrally ionized
ﬂuids under the inﬂuence of electromagnetic ﬁelds. Based on the
convergence-stability principle, we show that, when the Mach
number, the shear viscosity coeﬃcient, and the magnetic diffusion
coeﬃcient are suﬃciently small, the initial-value problem of the
model has a unique smooth solution in the time interval where
the ideal incompressible magnetohydrodynamic equations have a
smooth solution. When the latter has a global smooth solution,
the maximal existence time for the former tends to inﬁnity
as the Mach number, the shear viscosity coeﬃcient, and the
magnetic diffusion coeﬃcient go to zero. Moreover, we obtain the
convergence of smooth solutions for the model forwards those for
the ideal incompressible magnetohydrodynamic equations with a
sharp convergence rate.
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1. Introduction
In this paper, we are concerned with the isentropic compressible magnetohydrodynamic equations
⎧⎨
⎩
∂tρ + div(ρu) = 0,
∂t(ρu) + div(ρu ⊗ u) + ∇p = (curl H) × H + μu + (μ + λ)∇(divu),
∂t H − curl(u × H) = − curl(ν curl H), div H = 0,
(1.1)
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torus. Here the unknown functions are the density ρ , the velocity u ∈ R3, and the magnetic ﬁeld
H ∈ R3. The constants μ and λ are the shear and bulk viscosity coeﬃcients of the ﬂow, respec-
tively, satisfying μ > 0 and 2μ + 3λ  0; the constant ν > 0 is the magnetic diffusivity acting as a
magnetic diffusion coeﬃcient of the magnetic ﬁeld. P (ρ) is the pressure–density function. This mag-
netohydrodynamics (MHD) models the dynamics of compressible quasi-neutrally ionized ﬂuids under
the inﬂuence of electromagnetic ﬁelds, and covers a very wide applications of physical objects, from
liquid metals to cosmic plasmas. More details on this model can be referred to [17,18,24].
From the physical point of view, one can formally derive the incompressible models from the com-
pressible ones when the Mach number, or the Mach number and some of shear viscosity coeﬃcient,
bulk viscosity coeﬃcient and magnetic diffusion coeﬃcient go to zero, which imply that the density
becomes almost constant. Then, it is an important mathematical problem to justify these formal lim-
its. Recently, Hu and Wang [11] discussed the convergence of weak solutions of the full compressible
MHD ﬂows (1.1) to the weak solutions of the incompressible viscous MHD equations in the whole
space and the periodic domains, as the Mach number tends to zero. Jiang, Ju and Li [12] employed
the modulated energy method to verify the limit of weak solutions of the compressible MHD equa-
tion (1.1) in the torus to the strong solutions of the incompressible viscous or partial viscous MHD
equation (the shear viscosity coeﬃcient is zero, but the magnetic diffusion coeﬃcient is a positive
constant). The authors of [12] also derived the ideal incompressible MHD equation from the com-
pressible MHD equation (1.1) in the whole space Rd (d = 2 or d = 3) with general initial data in
[13]. That is, when the viscosities (including the shear viscosity coeﬃcient and the magnetic diffusion
coeﬃcient) go to zero, they proved the weak solutions of the compressible MHD equation (1.1) con-
verge to the smooth solutions of the ideal incompressible MHD equation. Fan, Jiang and Nakamura
investigated vanishing shear viscosity limit of the magnetohydrodynamic equations in [5]. Guès et al.
discussed existence and stability of noncharacteristic boundary layers for the compressible Navier–
Stokes and viscous MHD equations in [7]. Moreover, we also mention that there are many literature
about the well-posedness of the weak solutions, strong solutions and smooth solutions for the model
(1.1), i.e., [4,6,8–10,16,20,27].
The purpose of this paper is to derive the ideal incompressible MHD equations from the compress-
ible MHD equations (1.1) in the framework of the convergence-stability principle, which is developed
ﬁrstly by Yong in [30,31], and has been extensively used by many authors, such as the authors of [1,
14,15,19,25,28,29], and so on. To have some intuition, we ﬁrst give some formal analysis. By utilizing
the identity
∇(|H|2)= 2(H · ∇)H + 2H × curl H,
we can rewrite the momentum equation (1.1)2 as
∂t(ρu) + div(ρu ⊗ u) + ∇ P = (H · ∇)H − 1
2
∇(|H|2)+ μu + (μ + λ)∇(divu). (1.2)
Moreover, from the identities
curl curl H = ∇ div H − H
and
curl(u × H) = u(div H) − H(divu) + (H · ∇)u − (u · ∇)H,
together with the constraint div H = 0, the magnetic ﬁeld equation (1.1)3 can be expressed as
∂t H + (divu)H + (u · ∇)H − (H · ∇)u = νH . (1.3)
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ρ(x, t) = ρε(x, εt), u(x, t) = εuε(x, εt), H(x, t) = εHε(x, εt)
and assume that the viscosity coeﬃcients μ, λ, and ν are small constants and scaled like
μ = εμε, λ = ελε, ν = ενε,
where ε ∈ (0,1) is a small parameter and the normalized coeﬃcients με,λε , and νε satisfy με > 0,
2με + 3λε  0, and νε > 0. With the preceding scalings, the compressible MHD equations (1.1)1, (1.2)
and (1.3) take the form⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
∂tρ
ε + div(ρεuε)= 0,
∂t
(
ρεuε
)+ div(ρεuε ⊗ uε)+ ∇p(ρε)
ε2
= (Hε · ∇)Hε − 1
2
∇(∣∣Hε∣∣2)+ μεuε
+ (με + λε)∇(divuε),
∂t H
ε + (divuε)Hε + (uε · ∇)Hε − (Hε · ∇)uε = νεHε, div Hε = 0.
(1.4)
Formally if we let ε → 0, we obtain from the momentum equation (1.4)2 that ρε converges to some
function ρ∗(t) 0. If we further assume that the initial datum ρε0 is of order 1+ O (ε), then we can
expert that ρ∗ = 1. If the limits uε → u and Hε → H exist, then the continuity equation (1.4)1 gives
divu = 0. Assuming that
με,νε = O (ε), (1.5)
we can obtain the following ideal incompressible MHD equations:⎧⎪⎪⎨
⎪⎪⎩
∂tu
0 + (u0 · ∇)u0 − (H0 · ∇)H0 + ∇p0 + 1
2
∇(∣∣H0∣∣2)= 0,
∂t H
0 + (u0 · ∇)H0 − (H0 · ∇)u0 = 0,
divu0 = 0, div H0 = 0.
(1.6)
The goal of this paper is to justify this formal procedure for the smooth solutions and the main
result can be stated as follows.
Theorem 1.1. Suppose p = p(ρ) is smooth and satisﬁes p′(ρ) > 0 for ρ > 0, (u0, H0)(x) ∈ H4(Ω) is
divergence-free. Denote by T0 > 0 the life-span of the unique classical solution (u0, H0)(t, x) ∈ C([0, T0],
H4(Ω)) to the ideal incompressible magnetohydrodynamic equations with initial date (u0, H0)(x). If T0 < ∞,
then, for ε suﬃciently small, the compressible magnetohydrodynamic equation (1.4) with initial date
ρε(x,0) = 1, uε(x,0) = u0(x), Hε(x,0) = H0(x)
has a unique solution (ρε,uε, Hε) satisfying
ρε − 1 ∈ C([0, T0], H3(Ω)),uε, Hε ∈ C([0, T0], H3(Ω)).
Moreover, there exists a constant K > 0, independent of ε but dependent on T0 , such that
sup
t∈[0,T0]
(∥∥(ρε − 1)(·, t)∥∥3 + ∥∥(uε − u0)(·, t)∥∥3 + ∥∥(Hε − H0)(·, t)∥∥3) Kε. (1.7)
In case T0 = ∞, the maximal existence time Tε of (ρε,uε, Hε)(x, t) tends to inﬁnity as ε goes to zero.
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ρε(x,0) = 1, uε(x,0) = u0(x), Hε(x,0) = H0(x)
can be relaxed as
ρε(x,0) = 1+ O (ε2), uε(x,0) = u0(x) + O (ε), Hε(x,0) = H0(x) + O (ε)
without changing our arguments.
Remark 1.3. Compared with [11–13], we study the incompressible limit of the smooth solutions for
the compressible magnetohydrodynamic equation and give the sharp convergence rate. Moreover, we
notice that the similar arguments can be used to investigate the full compressible magnetohydrody-
namic equations.
Our proof of Theorem 1.1 is guided by the spirit of the convergence-stability principle developed in
[30,31] for singular limit problems of symmetrizable hyperbolic systems. It is based on a local-in-time
existence theory for (1.4). Thus, instead of deriving ε-uniform a priori estimates, we directly make the
error estimate (1.7) in the common time interval [0,min{T0, Tε}), where both solutions are regular.
This paper is organized as follows. In Section 2 we recall a local-in-time existence theory for (1.4)
and reformulate the original equation in terms of the pressure variable p, the velocity u and the
magnetic ﬁeld H . Then, we present our main ideas in Section 3. All required (error) estimates are
obtained in Section 4.
Notation. |U | denotes some norm of a vector or matrix U . For a nonnegative integer k, Hk = Hk(R3)
denotes the usual L2-type Sobolev space of order k. We write ‖ · ‖k for the standard norm of Hk and
‖ ·‖ for ‖ ·‖0. When U is a function of another variable t as well as x ∈R3, we write ‖U (·, t)‖ to recall
that the norm is taken with respect to x while t is viewed as a parameter. In addition, we denote by
C([0, T ],X) (resp. L2([0, T ],X)) the space of continuous (resp. square integrable) functions on [0, T ]
with values in a Banach space X.
2. Preliminaries
In this section we recall a local-in-time existence theory of (1.4) and reformulate the original
equation in terms of the pressure variable p, u and H . To begin with, we present a local-in-time
existence of the classical solution to the compressible magnetohydrodynamic equation (1.4).
Lemma 2.1. Let p = p(ρ) be a smooth function. Assume that ρ¯ ∈ 1+ H3(R3) and (u¯, H¯)(x) ∈ H3(R3). Then
there exists a positive constant T0 > 0 such that the compressible magnetohydrodynamic equation (1.4) with
initial data (ρ¯, u¯, H¯) enjoys a unique classical solution (ρ,u, H) = (ρ,u, H)(x, t), satisfying ρ(x, t) > 0 for
all (x, t) ∈R3 × [0, T ] and
ρ − 1 ∈ C([0, T ], H3),
u, H ∈ C([0, T ], H3)∩ L2([0, T ], H4).
Here and in the following, we denote the solution (ρε,uε, Hε) of (1.4) by (ρ,u, H) without con-
fusion.
The proof of Lemma 2.1 is similar to that in [22,23] for compressible Navier–Stokes equations and
the details can be found in [16,20].
Next, using the idea of [32], we reformulate the compressible magnetohydrodynamic equation (1.4)
in terms of the pressure variable p, u and H . Since p = p(ρ) is strictly increasing, it has an inverse
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smooth solution can be rewritten as
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
q(p)(pt + u · ∇p) + divu = 0,
ρ(p)(ut + u · ∇u) + ε−2∇p = (H · ∇)H − 1
2
∇(|H|2)+ μεu + (με + λε)∇(divu),
∂t H + (divu)H + (u · ∇)H − (H · ∇)u = νεH,
div H = 0.
(2.1)
Further, we introduce
p˜ = (p − p0)/ε, u˜ = u, H˜ = H
with p0 = p(1) > 0. Then (2.1) can be rewritten as
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
q(p0 + ε p˜)(p˜t + u˜ · ∇ p˜) + ε−1 div u˜ = 0,
ρ(p0 + ε p˜)(u˜t + u˜ · ∇u˜) + ε−1∇ p˜
= (H˜ · ∇)H˜ − 1
2
∇(|H˜|2)+ μεu˜ + (με + λε)∇(div u˜),
∂t H˜ + (div u˜)H˜ + (u˜ · ∇)H˜ − (H˜ · ∇)u˜ = νεH˜ .
(2.2)
From Lemma 2.1, we immediately have
Corollary 2.2. Assume the assumptions in Lemma 2.1 hold, and set p¯ = p(ρ¯). Then there exists a positive
constant T0 > 0 such that Eq. (2.2)with initial data (
p¯−p0
ε , u¯, H¯) enjoys a unique classical solution (p˜, u˜, H˜) =
(p˜, u˜, H˜)(x, t), satisfying ε p˜(x, t) + p0 > 0 for all (x, t) ∈ Ω × [0, T ] and
p˜ ∈ C([0, T ], H3),
u˜, H˜ ∈ C([0, T ], H3)∩ L2([0, T ], H4).
Hence, Theorem 1.1 can be stated as the following result of (p˜, u˜, H˜) of (2.2).
Theorem 2.3. Under the assumptions of Theorem 1.1, then, for ε suﬃciently small, the compressible magneto-
hydrodynamic equation (1.4) with initial date
pε(x,0) = 0, uε(x,0) = u0, Hε(x,0) = H0
has a unique solution (pε,uε, Hε) satisfying
pε,uε, Hε ∈ C([0, T0], H3(R3)).
Moreover, there exists a constant K > 0, independent of ε but dependent on T0 , such that
sup
t∈[0,T0]
(∥∥pε − εp0∥∥3 + ∥∥uε − u0∥∥3 + ∥∥Hε − H0∥∥3) Kε. (2.3)
In case T0 = ∞, the maximal existence time Tε of (ρε,uε, Hε) tends to inﬁnity as ε goes to zero.
Therefore, in Sections 3 and 4 we focus on the proof of Theorem 2.3.
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Our proof of Theorem 2.3 is guided by the spirit of the convergence-stability principle developed
in [30,31] for singular limit problems of symmetrizable hyperbolic systems. First we ﬁx ε > 0 in (2.2).
According to Corollary 2.2, there is a time interval [0, T ] such that (2.2) with initial data (p¯, u¯, H¯)(x, ε)
has a unique solution (pε,uε, Hε) satisfying εpε + p0 > 0 for all (x, t) ∈R3 × [0, T ] and
(
pε,uε, Hε
) ∈ C([0, T ], H3)× C([0, T ], H3)× C([0, T ], H3).
Deﬁne
Tε = sup
{
T > 0:
(
pε,uε, Hε
) ∈ C([0, T ], H3(R3))× C([0, T ], H3(R3))× C([0, T ], H3(R3)),
−1
2
p0  pε(x, t) 2p0, ∀(x, t) ∈R3 × [0, T ]
}
. (3.1)
(Here the 2 can be replaced with any positive number larger than 1.) Namely, [0, Tε) is the maximal
time interval of H3 × H3 × H3-existence. Note that Tε may tend to 0 as ε goes to 0.
In order to show that limε→0 Tε > 0, we follow the convergence-stability principle [30] and seek a
formal approximation of (pε,uε, Hε). To this end, we consider the initial-value problem (IVP) of the
ideal incompressible magnetohydrodynamic equation:
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
∂tu
0 + (u0 · ∇)u0 − (H0 · ∇)H0 + ∇p0 + 1
2
∇(∣∣H0∣∣2)= 0,
∂t H
0 + (u0 · ∇)H0 − (H0 · ∇)u0 = 0,
divu0 = 0, div H0 = 0,
u0(x,0) = u0(x), H0(x,0) = H0(x).
(3.2)
Since (u0, H0) ∈ H4, we know from [2,3,26] that
Lemma 3.1. There exists T0 ∈ (0,+∞) such that the IVP (3.2) of the ideal incompressible magnetohydrody-
namic equation has a unique smooth solution
(
u0, H0,∇p0) ∈ C([0, T0], H4)× C([0, T0], H4)× C([0, T0], H3)
satisfying, for any 0 < T < T0 , divu = 0 = div H, and
sup
0tT0
∥∥(u0, H0)∥∥4 + ∥∥(∂tu0, ∂t H0)(t)∥∥3 + ∥∥∇ P0(t)∥∥3  C(T0).
In the next section we will prove the following theorem.
Theorem 3.2. Under the conditions of Theorem 1.1, there exist constants K = K (T0) and ε0 = ε0(T0) such
that for all ε  ε0 ,
∥∥pε(·, t) − εp0∥∥3 + ∥∥uε(·, t) − u0(·, t)∥∥3 + ∥∥Hε(·, t) − H0(·, t)∥∥3  Kε
for t ∈ [0,min{T0, Tε}).
Having this theorem, we slightly modify the arguments in [30,31] to prove
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Tε > T0.
Proof. Otherwise, there is a sequence {εk}k1 such that limk→∞ εk = 0 and Tεk  T0. Thanks to the
error estimate in Theorem 3.2, there exists a k such that 4pεk (x, t) ∈ (−3p0,5p0) for all x and t . Next
we deduce from
∥∥pεk (·, t)∥∥3 + ∥∥uεk (·, t)∥∥3 + ∥∥Hεk (·, t)∥∥3

∥∥pεk (·, t) − εp0(·, t)∥∥3 + ∥∥εp0(·, t)∥∥3 + ∥∥uεk (·, t) − u0(·, t)∥∥3
+ ∥∥u0(·, t)∥∥3 + ∥∥Hεk (·, t) − H0(·, t)∥∥3 + ∥∥H0(·, t)∥∥3,
and Theorem 3.2 that ‖pεk (·, t)‖3 + ‖uεk (·, t)‖3 + ‖Hεk (·, t)‖3 is bounded uniformly with respect to
t ∈ [0, Tεk ). Now we could apply Corollary 2.2, beginning at a time t less than Tεk , to continue this
solution beyond Tεk . This contradicts the deﬁnition of Tε in (3.1). This completes the proof. 
Finally, Theorem 2.3 is proved by combining Theorems 3.2 and 3.3.
We conclude this section with the following interesting remark, which is a by-product of our
approach.
Remark 3.4. The proof of Theorem 3.2 requires that T0 < ∞. However, when the IVP (3.2) of the ideal
incompressible magnetohydrodynamic equation has a global-in-time regular solution, T0 can be any
positive number. Hence we have an almost global-in-time existence result for (2.2):
lim
ε→0 Tε = +∞.
4. Error estimate
In this section we prove the error estimate in Theorem 3.2. For this purpose, we need the following
classical calculus inequalities in Sobolev spaces [21].
Lemma 4.1.
(i) For s 2, Hs(R3) is an algebra. Namely, if f , g ∈ Hs(R3), then f g ∈ Hs(R3) and, for all multi-indices α
with |α| s,
∥∥∂αx ( f g)∥∥ Cs‖ f ‖s‖g‖s.
(ii) For s  3, let f ∈ Hs(R3) and g ∈ Hs−1(R3). Then for all multi-indices α with |α|  s, it holds that
[∂αx , f ]g ∈ L2(R3) and ∥∥[∂αx , f ]g∥∥ Cs‖∇ f ‖s−1‖g‖s−1.
Here Cs is a generic constant depending only on s.
Next, we notice that, with u0 and H0, p0 constructed in Lemma 3.1,
(pε,uε, Hε) =
(
εp0,u0, H0
)
satisﬁes
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⎪⎪⎪⎪⎩
q(p0 + εpε)(pεt + uε∇pε) + ε−1 divuε = εR1,
ρ(p0 + εpε)
(
uεt + (uε · ∇)uε
)+ ε−1∇pε = (Hε · ∇)Hε − 1
2
∇(|Hε|2)
+ μεuε +
(
με + λε)∇(divuε) + R21 + R22,
∂t Hε + (divuε)Hε + (uε · ∇)Hε − (Hε · ∇)uε = νεHε + R3,
(4.1)
where
R1 = q
(
p0 + ε2p0
)(
p0t + u0∇p0
)
,
R21 =
[
ρ
(
p0 + ε2p0
)− ρ(p0)](u0t + u0∇u0),
R22 = −μεu0, R3 = −νεH0.
From Lemma 3.1 it follows that
max
t∈[0,T0]
∥∥q−1(p0 + ε2p0)R1(·, t)∥∥3  C,
max
t∈[0,T0]
∥∥ρ−1(p0 + ε2p0)R21(·, t)∥∥3  Cε2,
max
t∈[0,T0]
∥∥∇R22(·, t)∥∥3, maxt∈[0,T0]
∥∥∇R3(·, t)∥∥3  Cε2. (4.2)
Here and below C is a generic positive constant.
Set
P = pε − pε, U = uε − uε, H= Hε − Hε;
we deduce from (2.2) and (4.1) that
Pt + U · ∇pε + uε · ∇ P + ε−1q−1
(
p0 + εpε
)
divU = f1, (4.3)
Ut + uε · ∇U + U · ∇uε + ε−1ρ−1
(
p0 + εpε
)∇ P
− ρ−1(p0 + εpε)(μεU + (με + λε)∇ divU)
= ρ−1(p0 + εpε)
(
H · ∇Hε + Hε · ∇H− 1
2
∇(∣∣Hε∣∣2 − |Hε|2)
)
+ f2, (4.4)
and
∂tH+ (divuε)H+ (divU )Hε + U · ∇Hε + uε · ∇H−H · ∇uε − Hε · ∇U
= νεH+ f3, (4.5)
where
f1 = −q−1(p0 + εpε)R1,
f2 = −ρ−1(p0 + εpε)R21 − ρ−1(p0 + εpε)R22 − ε−1
(
ρ−1
(
p0 + εpε
)− ρ−1(p0 + εpε))∇pε
+
(
(Hε · ∇)Hε − 1
2
∇(|Hε|2)
)(
ρ−1
(
p0 + εpε
)− ρ−1(p0 + εpε))
+ (ρ−1(p0 + εpε)− ρ−1(p0 + εpε))μεuε,
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Let α be a multi-index with |α| 3. Differentiating the two sides of the second equation in (4.3)–(4.5)
with ∂αx and setting
Pα = ∂αx P , Uα = ∂αx U , Hα = ∂αx H,
we obtain
∂t Pα + uε · ∇ Pα + ε−1q−1
(
p0 + εpε
)
divUα
= ∂αx f1 −
[
∂αx ,u
ε
]∇ P − ∂αx (U · ∇pε) − ε−1[∂αx ,q−1(p0 + εpε)]divU , (4.6)
∂tUα + uε · ∇Uα + ε−1ρ−1
(
p0 + εpε
)∇ Pα
− ρ−1(p0 + εpε)(μεUα + (με + λε)∇ divUα)
= ρ−1(p0 + εpε)
(
Hε · ∇Hα − 1
2
∂αx ∇
(∣∣Hε∣∣2 − |Hε|2)
)
+ ∂αx f2 −
[
∂αx ,u
ε
]∇U − ∂αx (U · ∇uε) − ε−1[∂αx ,ρ−1(p0 + εpε)]∇ P
+ [∂αx ,ρ−1(p0 + εpε)](μεU + (με + λε)∇ divU)
+ [∂αx ,ρ−1(p0 + εpε)]
(
H · ∇Hε + Hε · ∇H− 1
2
∇(∣∣Hε∣∣2 − |Hε|2)
)
+ ρ−1(p0 + εpε)(∂αx (H · ∇Hε) + [∂αx , Hε]∇H), (4.7)
and
∂tHα + uε · ∇Hα + (divUα)Hε − Hε · ∇Uα + ∂αx (U · ∇Hε)
+ [∂αx ,uε]∇H+ [∂αx , Hε]divU − [∂αx , Hε]∇U − ∂αx (H · ∇uε)
= νεHα + ∂αx f3. (4.8)
First, taking the inner product of (4.8) with Hα over Ω yields
1
2
d
dt
∫
Ω
|Hα |2 + νε
∫
Ω
|∇Hα |2 dx
= −
∫
Ω
Hαuε · ∇Hα dx+
∫
Ω
Hα
(
Hε · ∇Uα − (divUα)Hε
)
dx
−
∫
Ω
Hα
(
∂αx (U · ∇Hε −H · ∇uε) +
[
∂αx ,u
ε
]∇H− [∂αx , Hε]∇U + [∂αx , Hε]divU)dx
+
∫
Ω
∂αx f3Hα dx =: I1 + I2 + I3 + I4. (4.9)
Here we have used integration by parts for the term νHα . It is easy to see that
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2
∫
Ω
uε · ∇|Hα |2 dx = 1
2
∫
Ω
|Hα |2 divuε dx

∣∣divuε∣∣L∞‖Hα‖2, (4.10)
I2  δ
(‖divUα‖2 + ‖∇Uα‖2)+ C‖Hα‖2, (4.11)
and
I4 =
∫
Ω
∂αx R3Hα dx = −
∫
Ω
∂αx ∇R3∇Hα dx δ‖∇Hα‖2 + Cε2, (4.12)
where δ is a small positive number to be determined.
For |divuε|L∞ and other terms in the sequel, we follow [30,31] and formulate the following
lemma.
Lemma 4.2. Set
D = D(t) =
√∥∥P (·, t)∥∥23 + ∥∥U (·, t)∥∥23 + ∥∥H(·, t)∥∥23
for t ∈ [0,min{T0, Tε}). Then for multi-indices β satisfying |β| 1 it holds that
∣∣∂βx uε∣∣+ ∣∣∂βx pε∣∣+ ∣∣∂βx Hε∣∣ C(1+ D).
Proof. It is obvious from Lemma 3.1 and the Sobolev inequality that
∣∣∂βx uε∣∣ ∣∣∂βx (uε − uε)∣∣+ ∣∣∂βx u0∣∣ CD + C .
The other estimates can be showed similarly. This completes the proof. 
For I3, we use Lemma 4.1 to deduce that
I3  C‖Hα‖
(∥∥∂αx (U · ∇Hε)∥∥+ ∥∥∂αx (H · ∇uε)∥∥
+ ∥∥[∂αx ,uε]∇H∥∥+ ∥∥[∂αx , Hε]∇U∥∥+ ∥∥[∂αx , Hε]divU∥∥)
 C‖Hα‖
(‖U‖3‖∇Hε‖3 + ‖H‖3‖∇uε‖3
+ ∥∥∇uε∥∥2‖∇H‖2 + ∥∥∇Hε∥∥2‖∇U‖2 + ∥∥∇Hε∥∥2‖divU‖2)
 C(1+ D)(‖H‖23 + ‖U‖23). (4.13)
Therefore, putting (4.10)–(4.13) into (4.9) gives
d
dt
‖Hα‖2 + 2νε‖∇Hα‖2
 2δ
(‖divUα‖2 + ‖∇Uα‖2 + ‖∇Hα‖2)+ C(1+ D)(‖H‖23 + ‖U‖23)+ Cε2. (4.14)
Next we take the inner product of (4.6) and (4.7) with q(p0 + εpε)Pα and ρ(p0 + εpε)Uα , respec-
tively, and sum up the resultant equalities to obtain
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2
d
dt
∫
Ω
(
q
(
p0 + εpε
)
P2α + ρ
(
p0 + εpε
)|Uα|2)dx+
∫
Ω
(
με|∇Uα |2 +
(
με + λε)|divUα |2)dx
=
∫
Ω
(
1
2
q
(
p0 + εpε
)
t P
2
α +
1
2
ρ
(
p0 + εpε
)
t |Uα |2
− q(p0 + εpε)Pα(uε · ∇)Pα − ρ(p0 + εpε)Uα(uε · ∇)Uα
)
dx
+
∫
Ω
(
Hε · ∇Hα − 1
2
∂αx ∇
(∣∣Hε∣∣2 − |Hε|2)
)
Uα dx
+
∫
Ω
((
∂αx (H · ∇Hε) +
[
∂αx , H
ε
]∇H)Uα − ([∂αx ,uε]∇ P + ∂αx (U · ∇pε))q(p0 + εpε)Pα
− (∂αx (U · ∇uε) + [∂αx ,uε]∇U)ρ(p0 + εpε)Uα)dx
− 1
ε
∫
Ω
(
q
(
p0 + εpε
)
Pα
[
∂αx ,q
−1(p0 + εpε)]divU
+ ρ(p0 + εpε)Uα[∂αx ,ρ−1(p0 + εpε)]∇ P)dx
+
∫
Ω
ρ
(
p0 + εpε
)
Uα
[
∂αx ,ρ
−1(p0 + εpε)](μεU + (με + λε)∇ divU)dx
+
∫
Ω
ρ
(
p0 + εpε
)
Uα
[
∂αx ,ρ
−1(p0 + εpε)]
(
Hε · ∇H+H · ∇Hε − 1
2
∇(∣∣Hε∣∣2 − |Hε|2)
)
dx
+
∫
Ω
(
q
(
p0 + εpε
)
f1α Pα + ρ
(
p0 + εpε
)
f2αUα
)
dx
=: K1 + K2 + K3 + K4 + K5 + K6 + K7. (4.15)
Now we turn to estimate the Ki ’s in (4.15). Using integration by parts, (2.2)1 and Lemma 4.1 we
deduce that
K1 = 1
2
∫
Ω
([
q′
(
p0 + εpε
)
εpεt + q
(
p0 + εpε
)
divuε + uε · ∇q(p0 + εpε)]P2α
+ [ρ ′(p0 + εpε)εpεt + ρ(p0 + εpε)divuε + uε · ∇ρ(p0 + εpε)]|Uα |2)dx
= 1
2
∫
Ω
(
q
(
p0 + εpε
)
divuε + uε · ∇q(p0 + εpε))P2α dx
+ 1
2
∫
Ω
(
ρ
(
p0 + εpε
)
divuε + uε · ∇ρ(p0 + εpε))|Uα |2 dx
− ε
2
∫ (
q′
(
p0 + εpε
)
P2α + ρ ′
(
p0 + εpε
)|Uα |2)
(
uε · ∇pε + divu
ε
εq(p0 + εpε)
)
dxΩ
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∥∥divuε∥∥L∞(‖Uα‖2 + ‖Pα‖2)+ Cε∥∥uε · ∇pε∥∥L∞(‖Uα‖2 + ‖Pα‖2)
 C
(
1+ D2)(‖Uα‖2 + ‖Pα‖2).
For K2, it follows from Lemma 4.1 that
K2 =
∫
Ω
Hε · ∇HαUα dx+ 1
2
∫
Ω
∂αx
(∣∣Hε∣∣2 − |Hε|2)divUα dx
 δ‖∇Hα‖2 + C‖Uα‖2 + δ‖divUα‖2 + C
∥∥∂αx (H(Hε + Hε))∥∥2
 δ‖∇Hα‖2 + δ‖divUα‖2 + C‖Uα‖2 + C‖H‖23
∥∥Hε + Hε∥∥23
 δ‖∇Hα‖2 + δ‖divUα‖2 + C
(
1+ D2)(‖H‖23 + ‖Uα‖2).
Like I3, K3 can be simply estimated as
K3  C
(‖H‖23 + ‖U‖23 + ‖P‖23).
In order to treat other terms, we compute that
∥∥∇ρ−1(p0 + εpε)∥∥2,∥∥∇q−1(p0 + εpε)∥∥2  Cε(1+ D3).
Thus, for K4 we have
K4 
1
ε
(∥∥[∂αx ,q−1(p0 + εpε)]divU∥∥∥∥q(p0 + εpε)Pα∥∥
+ ∥∥[∂αx ,ρ−1(p0 + εpε)]∇ P∥∥∥∥ρ(p0 + εpε)Uα∥∥)
 C
ε
(∥∥∇q−1(p0 + εpε)∥∥2‖divU‖2‖Pα‖ + ∥∥∇ρ−1(p0 + εpε)∥∥2‖∇ P‖2‖Uα‖)
 C
(
1+ D3)(‖divU‖2‖Pα‖ + ‖∇ P‖2‖Uα‖)
 C
(
1+ D3)(‖U‖23 + ‖P‖23).
Similarly,
K5  C
∥∥∇ρ−1(p0 + εpε)∥∥2∥∥μεU + (με + λε)∇ divU∥∥2‖Uα‖
 δ‖∇U‖23 + C
(
1+ D6)‖Uα‖2,
and
K6  C
(
1+ D4)‖Uα‖‖H‖3.
Finally, from the deﬁnitions of f1 and f2, we deduce that
K7  Cε2 + C
(
1+ D6)(‖P‖23 + ‖U‖23)+ δ‖∇Uα‖2.
Putting the above estimates into (4.15), we obtain
Y. Li / J. Differential Equations 252 (2012) 2725–2738 2737d
dt
∫
Ω
(
q
(
p0 + εpε
)
P2α + ρ
(
p0 + εpε
)|Uα |2)dx+ 2με‖∇Uα‖2 + 2(με + λε)
∫
Ω
|divUα |2 dx
 Cε2 + 2δ(‖∇U‖23 + ‖divUα‖2 + ‖∇Hα‖2)+ C(1+ D6)(‖U‖23 + ‖P‖23 + ‖H‖23).
Combining the last inequality with (4.14) and taking δ = 14 min{με,νε,με + λε}, we arrive at
d
dt
(‖P‖23 + ‖U‖23 + ‖H‖23) C(1+ D6)(‖P‖23 + ‖U‖23 + ‖H‖23)+ Cε2.
We integrate this inequality from 0 to T with [0, T ] ⊂ [0,min{Tε, T0}) to obtain
‖P‖23 + ‖U‖23 + ‖H‖23  CTε2 + C
T∫
0
(
1+ D6)(‖P‖23 + ‖U‖23 + ‖H‖23)dt.
Here we have used the fact the initial data are in equilibrium. Furthermore, we apply the Gronwall
inequality to the last inequality to get
‖P‖23 + ‖U‖23 + ‖H‖23  CT0ε2 exp
[
C
T∫
0
(
1+ D6)dt
]
. (4.16)
Since ‖P‖23 + ‖U‖23 + ‖H‖23 = D2, it follows from (4.16) that
D(T )2  CT0ε2 exp
[
C
T∫
0
(
1+ D6)dt
]
≡ Q (T ). (4.17)
Thus, it holds that
Q ′(t) = C(1+ D6)Q (t) C Q (t) + C Q 4(t).
Applying the nonlinear Gronwall-type inequality in [31] to the last inequality yields
Q (t) eCT0
for t ∈ [0,min{T0, Tε}) if we choose ε so small that
Q (0) = CT0ε2  e−CT0 .
Thus, it follows from (4.17) that
D(T ) eCT0/2
for T ∈ [0,min{T0, Tε}). Finally, Theorem 2.3 is concluded from (4.16). This completes the proof.
2738 Y. Li / J. Differential Equations 252 (2012) 2725–2738Acknowledgment
The research is partially supported by the National Science Foundation of China (Grant
No. 11171223).
References
[1] Y. Brenier, W.-A. Yong, Derivation of particle, string, and membrane motions from the Born–Infeld electromagnetism,
J. Math. Phys. 46 (2005) 062305.
[2] J.I. Diaz, M.B. Lerena, On the inviscid and non-resistive limit for the equations of incompressible magnetohydrodynamic,
Math. Methods Appl. Sci. 12 (2002) 1401–1402.
[3] G. Duvaut, J.L. Lions, Inéquations en thermoélasticité et magneto-hydrodynamique, Arch. Ration. Mech. Anal. 46 (1972)
241–279.
[4] J.-S. Fan, W.-H. Yu, Strong solution to the compressible MHD equations with vacuum, Nonlinear Anal. Real World Appl. 10
(2009) 392–409.
[5] J. Fan, S. Jiang, G. Nakamura, Vanishing shear viscosity limit in the magnetohydrodynamic equations, Comm. Math.
Phys. 270 (2007) 691–708.
[6] H. Freistühler, Y. Trakhinin, On the viscous and inviscid stability of magnetohydrodynamic shock waves, Phys. D 237 (2008)
3030–3037.
[7] O. Guès, G. Métivier, M. Williams, K. Zumbrun, Existence and stability of noncharacteristic boundary layers for the com-
pressible Navier–Stokes and viscous MHD equations, Arch. Ration. Mech. Anal. 197 (2010) 1–87.
[8] D. Hoff, E. Tsyganov, Uniqueness and continuous dependence of weak solutions in compressible magnetohydrodynamics,
Z. Angew. Math. Phys. 56 (2005) 791–804.
[9] X.-P. Hu, D.-H. Wang, Global existence and large-time behavior of solutions to the three-dimensional equations of com-
pressible magnetohydrodynamic ﬂows, Arch. Ration. Mech. Anal. 197 (2010) 203–238.
[10] X.-P. Hu, D.-H. Wang, Global solutions to the three-dimensional full compressible magnetohydrodynamic ﬂows, Comm.
Math. Phys. 283 (2008) 255–284.
[11] X.-P. Hu, D.-H. Wang, Low Mach number limit to viscous compressible magnetohydrodynamic ﬂows, SIAM J. Math. Anal. 41
(2009) 1272–1294.
[12] S. Jiang, Q.-C. Ju, F.-C. Li, Incompressible limit of the compressible magnetohydrodynamic equations with periodic boundary
conditions, Comm. Math. Phys. 297 (2010) 371–400.
[13] S. Jiang, Q.-C. Ju, F.-C. Li, Incompressible limit of the compressible magnetohydrodynamic equations with vanishing viscosity
coeﬃcients, SIAM J. Math. Anal. 43 (2010) 2539–2553.
[14] Q. Ju, H. Li, Y. Li, S. Jiang, Quasi-neutral limit of the two-ﬂuid Euler–Poisson system, Commun. Pure Appl. Anal. 9 (2010)
1577–1590.
[15] M. Junk, W.-A. Yong, Rigorous Navier–Stokes limit of the lattice Boltzmann equation, Asymptot. Anal. 35 (2003) 165–185.
[16] S. Kawashima, Smooth global solutions for two-dimensional equations of electromagnetoﬂuid dynamics, Japan J. Appl.
Math. 1 (1984) 207–222.
[17] A.G. Kulikovskiy, G.A. Lyubimov, Magnetohydrodynamics, Addison–Wesley, Reading, MA, 1965.
[18] L.D. Landau, E.M. Lifshitz, Electrodynamics of Continuous Media, 2nd ed., Pergamon, New York, 1984.
[19] Y.-P. Li, From a multidimensional quantum hydrodynamic model to the classical drift-diffusion equation, Quart. Appl.
Math. 67 (2009) 489–502.
[20] F.-C. Li, H.-J. Yu, Optimal decay rate of classical solution to the compressible magnetohydrodynamic equations, Proc. Roy.
Soc. Edinburgh Sect. A 141 (2011) 109–126.
[21] A. Majda, Compressible Fluid Flow and Systems of Conservation Laws in Several Space Variables, Springer, New York, 1984.
[22] A. Matsumura, T. Nishida, The initial-value problem for the equation of motion of compressible viscous and heat-conductive
ﬂuids, Proc. Japan Acad. Ser. A Math. Sci. 55 (1979) 337–342.
[23] A. Matsumura, T. Nishida, The initial-value problem for the equation of motion of viscous and heat-conductive gases,
J. Math. Kyoto Univ. 20 (1980) 67–104.
[24] R.V. Polovin, V.P. Demutskii, Fundamentals of Magnetohydrodynamics, Consultants Bureau, New York, 1990.
[25] Y.-J. Peng, Y.-G. Wang, W.-A. Yong, Quasi-neutral limit of the non-isentropic Euler–Poisson systems, Proc. Roy. Soc. Edin-
burgh Sect. A 136 (2006) 1013–1026.
[26] M. Sermange, R. Temam, Some mathematical questions related to the MHD equations, Comm. Pure Appl. Math. 36 (1983)
635–664.
[27] D. Wang, Large solutions to the initial–boundary value problem for planar magnetohydrodynamics, SIAM J. Appl. Math. 63
(2003) 1424–1441.
[28] J. Xu, W.-A. Yong, Zero-relaxation limit of non-isentropic hydrodynamic models for semiconductors, Discrete Contin. Dyn.
Syst. 25 (2009) 1319–1332.
[29] J. Yang, S. Wang, Y. Li, D. Luo, Rigorous derivation of incompressible type Euler equations from non-isentropic Euler–
Maxwell equations, Nonlinear Anal. 73 (2010) 3613–3625.
[30] W.-A. Yong, Basic aspects of hyperbolic relaxation systems, in: H. Freistuhler, A. Szepessy (Eds.), Advances in the Theory of
Shock Waves, in: Progr. Nonlinear Differential Equations Appl., vol. 47, Birkhäuser Boston, Boston, 2001, pp. 259–305.
[31] W.-A. Yong, Singular perturbations of ﬁrst-order hyperbolic systems with stiff source terms, J. Differential Equations 155
(1999) 89–132.
[32] W.-A. Yong, A note on the zero Mach number limit of the compressible Euler equations, Proc. Amer. Math. Soc. 133 (2005)
2099–3085.
